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We study spontaneous loop-supercurrent selection in reduced superconducting circuits with at-
tractive superconducting regions coupled through repulsive normal channels. The mechanism is
interference selection: a phase texture can lower the energy when destructive interference suppresses
anomalous density on a costly normal region. Compact C3 molecules provide the clean analytic rule,
because the m = ±1 winding textures satisfy 1 + ω + ω2 = 0 and therefore node an active central
repulsive site. Compact C4 molecules and clusters expose the main square-geometry difficulty: stag-
gered order also nodes the centre and naturally cancels nearest-neighbour normal paths, so a square
loop requires separated diagonal or outer channels to make winding uniquely favourable. Naive
compact onsite-Hubbard molecules, clusters, tubes, and screw-cell crystals preserve the winding
texture but remain too stiff or too amplitude-starved to make it the robust ground state. A tuned
C3 signed crystal-bath molecule gives a positive small-model HFG existence smoke: the central
positive-U site is updated self-consistently, the uniform branch develops a central antinode, and the
winding branches retain the symmetry node. A C4 split-centre crystal-bath prototype likewise sup-
ports finite-amplitude winding rows once pair-susceptible reservoir orbitals are added to the square
selector geometry. We then separate condensate formation from phase selection in a Josephson-island
model. For a long, soft outer-channel device we find a strict self-consistent Hartree–Fock–Gor’kov
winding minimum with degenerate time-reversed partners, Fwind−Fnonwind ' −2.386×10−3, and a
maximum residual 4.996×10−5 for the stated 5×10−5 threshold. The result is finite-device HFG ev-
idence that a time-reversal-symmetric Hamiltonian can select a time-reversal-breaking loop-current
state without imposed flux or Peierls phases.

I. INTRODUCTION

Josephson circuits are a natural setting for phase frus-
tration, weak-link current-phase relations, and current-
carrying superconducting states [1–5]. The question ad-
dressed here is sharper than whether a current can be
imposed by external flux. We ask whether a time-
reversal-symmetric superconducting device can choose a
pair of degenerate, time-reversed winding states as its
self-consistent ground state. Known examples and ana-
logues of time-reversal-symmetry-breaking (TRSB) pair-
ing physics include the chiral phases of superfluid 3He,
unconventional superconducting order-parameter phe-
nomenology, phase-sensitive cuprate tests, and nonuni-
tary or multicomponent proposals for LaNiC2 and
LaNiGa2 [6–11]. These settings are usually discussed in
terms of unconventional order parameters, internal or-
bital or spin structure, or explicitly chiral pairing chan-
nels. The mechanism studied here is different. The
pairing field is an otherwise conventional mean-field su-
perconducting field on a real-space graph. Spontaneous
TRSB is selected by interference and device geometry,
not by inserting a chiral order parameter, an exter-
nal flux, or Peierls phases. It is also distinct from
spontaneous-current loops built from imposed or effective
π-junction frustration, where the junction itself supplies
a phase-shifted Josephson relation [12].

The central difficulty is that winding costs phase stiff-
ness. A loop phase texture must twist around the de-
vice, and in a compact microscopic molecule that cost is

large. The compensating energy scale is the repulsive-
channel anomalous-density cost. On a site or channel
with positive interaction, induced anomalous density κ
raises the Gor’kov part of the mean-field energy; a phase
texture can therefore gain energy if destructive interfer-
ence places a node or strong suppression of κ on that
region. We refer to this contribution below as the repul-
sive Gor’kov or anomalous-density penalty. The design
problem is consequently concrete: the normal channel
must carry anomalous-density antinodes in nonwinding
branches, the winding branch must remove them by inter-
ference, and the channel must be long or soft enough that
the saved repulsive energy exceeds the phase-stiffness
cost.

Figure 1 gives the design rule in schematic form. Fig-
ure 2 then states the model ladder used in the rest
of the paper, and Table I summarizes the mechanism
tested and status of each rung. The sequence runs from
C3 and C4 molecules, through signed C3/C4 crystal-
bath checks, C3/C4 clusters, and a screw-separated C4
molecule, to tube, lattice, C4 screw-cell, proximity-film,
and Josephson-island realizations. Compact C3 gives a
clean node rule, while compact C4 exposes a staggered
nonwinding competitor. Clusters, tubes, lattices, and
films are intermediate diagnostics of amplitude support,
stiffness, and geometry. The newer signed crystal-bath
simulations show that pair-susceptible reservoir orbitals
can compensate the Hartree amplitude loss in small mi-
croscopic models, while long, soft Josephson-island chan-
nels provide the strongest finite-device realization whose
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static four-branch HFG free-energy comparison is the
ground-state evidence. Supplemental Material and the
accompanying verification bundle give the model-specific
graph conventions, solver normalization, genetic-search
parameters, final numerical-output tables, intermediate
checks, and numerical figure data needed for independent
verification. The computations in this work were per-
formed using a private general-purpose codebase devel-
oped by the author. The code is not released because it
implements a broader framework beyond the scope of this
paper. To support independent verification, the paper,
Supplemental Material, and verification bundle provide
the mathematical specification of the cases studied, pa-
rameter choices, benchmark values, and numerical data
underlying quantitative figures.

II. HAMILTONIAN AND SELF-CONSISTENCY

We consider finite tight-binding superconducting de-
vices with attractive superconducting regions A and re-
pulsive or normal regions N . All models in this paper
are special cases of the real tight-binding Hamiltonian

H =
∑
ij,σ

(h
(0)
ij − µδij)c

†
iσcjσ +

∑
i

Uini↑ni↓, (1)

with Ui < 0 on superconducting islands and Ui > 0 or no
attractive instability on normal sites. For the island cal-
culations below the same local interaction profile is writ-
ten in region language: Ui = −U on superconducting is-
lands, Ui = +V on inner normal channels, and Ui = +W
on outer normal channels. All hoppings and interaction
constants are real, so Eq. (1) is time-reversal symmetric;
no flux or Peierls phase is imposed.

The HFG/BdG reduction proceeds in a fixed order.
The normal and anomalous contractions are

ρiσ,jσ′ = 〈c†jσ′ciσ〉, κi = 〈ci↓ci↑〉. (2)

For the onsite interaction, Wick factorization gives

ni↑ni↓ ' 〈ni↑〉ni↓ + ni↑〈ni↓〉 − 〈ni↑〉〈ni↓〉

+ κic
†
i↑c

†
i↓ + κ∗

i ci↓ci↑ − |κi|2. (3)

The spin-flip Fock terms vanish in the nonmagnetic island
ansatz used for the accepted results, but they remain part
of the general HFG bookkeeping for unrestricted micro-
scopic checks. The resulting quadratic HFG Hamiltonian
is

HHFG =
∑
ij,σ

(h
(0)
ij +Σij,σ)c

†
iσcjσ

+
∑
i

(
∆ic

†
i↑c

†
i↓ +∆∗

i ci↓ci↑

)
+ Edc, (4)

with local fields

Σii,↑ = Ui〈ni↓〉, Σii,↓ = Ui〈ni↑〉, ∆i = Uiκi.
(5)

The double-counting constant subtracts the inserted con-
tractions,

Edc = −
∑
i

Ui

(
〈ni↑〉〈ni↓〉 − |κi|2

)
, (6)

and is included in every branch free energy. The signs
in Eq. (6) follow the signed onsite convention used here,
∆i = Uiκi; the finite-HFG implementation uses the same
convention in the equivalent form |∆i|2/(−Ui) for the
pairing double-counting term. In the folded spin-singlet
Nambu basis

Ψ = (c1↑, . . . , cN↑, c
†
1↓, . . . , c

†
N↓)

T , (7)

the BdG matrix is

HBdG =

(
h(0) +Σ↑ − µ ∆

∆† −(h(0) +Σ↓ − µ)T

)
. (8)

Self-consistency means recomputing ρ and κ from the
occupied quasiparticle states of Eq. (8), updating Eq. (5),
and iterating until the maximum field residual falls below
the quoted tolerance. For a generic active field Φα ∈
{∆i,Σi, . . .} the damped update is

Φ(m+1)
α = (1− γ)Φ(m)

α + γΦ
(m)
α,cand, (9)

with residual

R(m) = max
α∈S

∣∣∣Φ(m)
α,cand − Φ(m)

α

∣∣∣ . (10)

Linear mixing is used in difficult cases; the unresolved
side points discussed below contract slowly rather than
oscillating between two branch solutions.

The branch free energy is evaluated from the BdG
spectrum and double-counting terms. At T = 0 the im-
plementation records the common folded-spin convention

FHFG = − 1

2

∑
ν

|Eν |+
1

2
TrHee

+ FGorkov + FHartree + FFock, (11)

where Hee = h(0) + Σ↑ − µ. The Gor’kov, Hartree, and
Fock terms are the corresponding double-counting con-
stants, decomposed by island, inner-channel, and outer-
channel masks. The trace and folded-spin normalization
are common to all branches, so branch ordering is un-
affected by the convention. The decomposition is used
to distinguish a genuine repulsive-channel saving from
a trivial loss of superconducting amplitude [13]. The
branch comparison criterion is then defined using

B = {u, s,+,−}, Bnon = {u, s}, (12)

where u is uniform, s is staggered, and ± are the two
winding branches. For every branch b ∈ B we report

Fmin = min
b∈B

Fb, ∆Fb = Fb − Fmin. (13)

A branch is promoted only when all compared branches
satisfy the same residual threshold. The two winding
branches must also remain degenerate within the numer-
ical tolerance expected for time-reversal partners.
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FIG. 1. Design-rule schematic for interference-selected spontaneous TRSB in a conventional superconducting mean-field device.
The top row shows the physical design sequence: (a) A real-hopping, zero-flux cluster has no imposed circulation. (b) Repulsive
normal regions define a node/antinode penalty that can distinguish branch textures. (c) Long, soft Josephson-island channels
implement the same interference rule while lowering stiffness, giving the residual-controlled winding minimum tested below. The
lower inset is a separate self-consistency filter: a winding-like seed must remain an HFG free-energy minimum in reduced state
space, whereas isolated compact onsite-Hubbard models relax to amplitude-starved or nonwinding basins unless an amplitude
reservoir is supplied. Blue and red spheres denote compact microscopic superconducting and repulsive orbitals; square blue
pads and rectangular red channels denote the simplified engineered-island limit. Purple channels in (c) mark winding-favouring
paths, and the grey frame marks the schematic PBC cell.

FIG. 2. Mechanism-to-device overview. Blue elements are superconducting sites, islands, clusters, tubes, or film support; red
elements are repulsive normal loci or channels. Purple solid paths mark winding-favouring selector channels in schematic panels,
solid grey paths mark ordinary outer channels, dotted segments mark PBC/Bloch continuations, and thin dashed grey paths
mark competitor, guide, or diagnostic couplings. Active anomalous-density antinodes first have to appear on costly normal
regions in nonwinding branches. The C3 molecule gives the phase-sum node 1 + ω + ω2 = 0 on the central repulsive site. The
C4 molecule shows why this is not enough: central-site cancellation is not unique to winding because staggered order also nodes
the centre and can cancel nearest-neighbour normal paths. C3 and C4 clusters replace single attractive orbitals by compact
attractive clusters and test whether microscopic enlargement restores amplitude, but Hartree relaxation can still suppress the
anomalous density. The screw C4 molecule is a different geometry, not a cluster: it effectively splits the central normal node into
separated diagonal loci, giving the winding branch a suppression pattern on those channels that the staggered branch does not
share. Tube models promote compact sites into longitudinal one-dimensional channels, sketched as tubes extending along kz,
and test whether kz averaging can restore superconducting amplitude; in the sampled microscopic rows they do not constitute
the winding ground-state result. The C3/C4/screw-C4 lattice panel tests periodic stiffness and Bloch-structure effects; the
right and bottom outer normal loci mark additional PBC-channel antinode/node tests. Proximity-film models instead test the
supplied-amplitude limit through a soft superconducting environment, here drawn as a square film surrounding the active sites,
and can show winding-favoured diagnostic windows, but they are not the strict ground-state evidence. The final island device
extends compact sites into superconducting islands with red inner and outer normal channels; the PBC cell indicates how the
outer channels wrap through the periodic construction. The islands support amplitude, while the soft outer channels reduce
winding stiffness and retain a repulsive-channel saving.

A. Model specializations

The named intermediate models differ only in the one-
body graph and in whether superconducting amplitude

is self-generated or supplied. Compact clusters replace
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TABLE I. Model ladder, mechanism tests, and status. The table separates constructive mechanism diagnostics from the
final static HFG ground-state evidence. Listed variations are representative axes in the private-code scans rather than a raw
inventory of every generated row. “Positive selector” means that the model realizes the intended winding-favouring interference
rule in the diagnostic sense stated in the text, not that it by itself proves a broad stable phase.

Model Mechanism tested Result/status Role in argument
C3 molecule Four-site central-node, seven-site edge-

extended, and signed crystal-bath
molecules; central phase-sum cancella-
tion, 1 + ω + ω2 = 0, on the repulsive
site.

Clean analytic winding node. Tiny
isolated onsite-Hubbard molecules re-
main amplitude-starved, but a tuned
central-only signed crystal-bath HFG
check selects the degenerate winding
pair with finite active and bath am-
plitude.

Minimal interference
rule and positive small-
model smoke.

C4 molecule Central-only, split-centre, baseline, and
outside-junction compact variants test
whether a square central node uniquely
selects winding.

Central-only is negative as a selector:
staggered order also nodes the centre
and cancels nearest-neighbour normal
paths; split/outside variants motivate
the screw repair.

Identifies the C4 com-
petitor.

C4 signed crystal bath Split-centre and opposite-pair positive-U
selectors coupled to pair-susceptible finite
or dispersive reservoir orbitals; screened
Hartree and projected or fully complex
Fock controls.

Positive tuned reservoir prototype:
finite-amplitude winding rows survive
signed onsite HFG updates, screened
Hartree feedback, and sampled fully
complex Fock closure, but the re-
sult is not yet a thermodynamic or
materials-realistic phase diagram.

Microscopic reservoir-
band existence check.

C3 clusters Compact attractive islands with NA =
1–3 sites, extended to NA = 6; central-
normal-cluster, density-control, continua-
tion, and root-solve checks.

Ungated strict onsite-Hubbard
roots remain Hartree-detuned and
amplitude-starved; the largest mean
attractive-island gap in the size-
scaling scan is only 1.7× 10−5.

Shows finite cluster
growth is insufficient.

C4 clusters Baseline, central-only, screw-only, split-
centre, balanced-shared, and balanced-
screw variants with NA = 1–3, central-
channel, outside-channel, tout, and Uout

scans.

Recovery scans remain amplitude-
starved or nonwinding-led; con-
strained balanced-screw scans select
winding on much of the grid, but un-
restricted NA = 1, 2 checks relax to
essentially normal amplitudes.

Separates C4 phase se-
lection from amplitude
support.

Hartree-biased compact
HFG

Density-relaxed onsite-Hubbard
HFG with an added static Hartree-
compensation field or island gate, so that
the densities still relax but the attractive
orbitals are biased back toward the target
pairing window.

C3 molecule, C3 cluster, C4 split-
centre, and balanced-screw C4 scans
confirm that Hartree detuning is
the failure mode for isolated com-
pact onsite-Hubbard routes; hybrid
cluster/channel refinements can give
strict winding-led rows only with
|∆A| ∼ 10−5–10−4.

Negative isolated-
compact rescue; moti-
vates reservoir baths,
proximity support, or
Josephson islands.

Screw C4 molecule Split-centre and balanced-screw compact
selector logic with separated diagonal nor-
mal loci, rather than a single planar cross-
ing site.

Positive selector in constrained
compact diagnostics; winding gets
a channel-suppression pattern not
shared by staggered order.

Repairs the C4 node
rule.

Tube models Promote C3 and balanced-screw C4 com-
pact sites into longitudinal channels and
average microscopic HFB fields over kz .

Finite amplitude and node/antinode
contrast can be recovered after tun-
ing, but sampled rows do not provide
a superconducting winding ground-
state result; a softer-channel contin-
uation crosses only after the winding
amplitude collapses to ∼ 10−6.

Tests a banded micro-
scopic rescue.

C3/C4 lattices C3 intercell patterns and C4 central-
only, split-centre, balanced-shared,
and balanced-screw Bloch embeddings
test whether an extended normal-
electron background can supply the
density/Hartree environment missing
from compact molecules.

Diagnostic lattice screens clar-
ify periodic-channel stiffness and
Hartree-density feedback; full micro-
scopic recovery remains normal or
nonwinding-led in the sampled rows.

Tests extended density
support, not only en-
larged cells.

C4 screw-cell crystal Finite-k screw-cell, contact/outer-
geometry, constrained-release, and
sign-frustrated microscopic searches.

Strongest microscopic near miss: a
clean winding basin survives release,
but the best rows remain slightly
uniform-led, with margins of order
5–7× 10−7.

Near-degenerate bulk
calibration, not a
proof.

Proximity film Supplied-amplitude limit: C3, C4
baseline, split, balanced-shared, and
balanced-screw reduced, finite-patch,
and k-space film diagnostics with a fixed
proximity background in addition to any
relaxed film response.

Restores nonzero anomalous am-
plitude for molecule tests and
can show winding-favoured di-
agnostic windows, including a
narrow balanced-screw finite-film
point with |∆film| ' 0.19 and
Ωwind − Ωnonwind ' −4.1 × 10−7 at
residual < 5× 10−7; a simple k-space
self-energy bath remains uniform-led
in the sampled grid.

Demonstrates ampli-
tude support.

Josephson-island device Central, central-outer, inner/outer-
contact, outer-sheet, outer-sheet-strip,
length-renormalisation, and stiffness-
refinement island searches promote long,
soft outer channels.

Strict four-branch HFG compari-
son selects degenerate time-reversed
winding branches for the promoted
long-soft point; the demonstrated
pocket is narrow and tuned.

Finite-device HFG evi-
dence.
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each attractive orbital Aj by a set of attractive sites Sj :

Hcl =
∑

j,a∈Sj ,σ

(εa − µ)naσ −
∑

(ab)∈ES ,σ

tab
(
c†aσcbσ + h.c.

)
+Hnormal[C,B,N ]−

∑
(ar)∈ESN ,σ

tar
(
c†aσcrσ + h.c.

)
+
∑

j,a∈Sj

UAna↑na↓

+
∑
r∈N

Urnr↑nr↓. (14)

Here ES contains intra-cluster hopping, ESN the con-
tacts to the same normal loci used in the parent molecule,
UA < 0, and Ur ≥ 0. C3 and C4 cluster scans therefore
test finite attractive islands without changing the inter-
ference channels.

The Hartree-biased compact scans keep Eq. (14)
density-relaxed but add a static compensating normal
field,

HHbias = Hcl +
∑
i,σ

ΣH,ext
iσ niσ, ΣH,ext

iσ = −αUin
0
iσ̄.

(15)
The self-consistent Hartree term Uiniσ̄ is still solved; the
parameter α only biases the relaxed level toward the cho-
sen reference density.

Tube models promote each transverse molecule or clus-
ter site into a one-dimensional periodic channel. For
transverse Hamiltonian h⊥ the normal block is

hij(kz) = h⊥
ij − 2tzi cos kz δij , (16)

and

Htube =
∑

kz,ij,σ

[hij(kz)− µδij ] c
†
kziσ

ckzjσ +
∑
i

Uini↑ni↓.

(17)
The HFG densities and anomalous fields are Brillouin-
zone averages over kz.

Bloch-lattice diagnostics instead repeat a finite motif
in the plane. For orbital labels a, b inside a unit cell,

Hlat =
∑

k,ab,σ

[hab(k)− µδab] c
†
kaσckbσ +

∑
a

Uana↑na↓,

(18)
with

hab(k) = εaδab −
∑
R

tab(R)eik·R. (19)

These calculations test whether a periodic normal-
electron background supplies the density and Hartree en-
vironment that compact molecules lack.

The proximity-film calculations use the same active
molecule Hamiltonian but add supplied condensate sup-
port. In the reduced form this is a branch-labelled
anomalous self-energy,

Hred
prox = Hactive +

∑
i∈A

(
ηie

iφic†i↑c
†
i↓ + h.c.

)
, (20)

where the phases φi label the tested branch. In the finite-
film form the support is represented explicitly by film
sites f :

Hfilm = Hactive +Hf −
∑
if,σ

tif

(
c†iσcfσ + h.c.

)
,

Hf =
∑
f,σ

εfnfσ +
∑
f

Ufnf↑nf↓. (21)

These film models are supplied-amplitude diagnostics;
they are not self-generated ground-state evidence.

III. INTERFERENCE SELECTION

For a repulsive normal site coupled symmetrically to
islands with phases φj , the induced anomalous amplitude
is controlled by a phase sum,

κN ∝
∑
j

aje
iφj , (22)

where aj includes hopping and spectral weights. If sym-
metry or geometry makes this sum vanish, the positive-
interaction region avoids a repulsive Gor’kov/anomalous-
density cost.

This is not enough by itself. The free energy also con-
tains the spectral cost of twisting the superconducting
phase, Hartree/Fock relaxation, and competition with
nonwinding phase patterns. The branch-selection crite-
rion used throughout this work is therefore direct: all
candidate branches are iterated under the same self-
consistency standard, and the winner is the converged
branch with the lowest HFG free energy. Current and
time-dependent diagnostics are used only after the static
branch is selected.

A. Geometry search procedure

Candidate geometries were generated in two stages.
The first stage is a genetic search over cheap suscepti-
bility and ADOS-like diagnostics, used only to propose
promising island/channel layouts. Each genome speci-
fies the parameters that move anomalous-density antin-
odes through the device: island and channel chemical
potentials, attractive and repulsive interaction strengths,
island separation, parity constraints on the separation,
outer-strip width, outer-contact geometry, inner-sheet
radius, corner rounding, and C4-compatible boundary
choices. The initial population is drawn from the al-
lowed search space, optionally supplemented by previ-
ously saved CSV candidates. Each genome is keyed by
the quantized parameter tuple, with continuous controls
rounded to three significant figures for duplicate detec-
tion. Each generation evaluates the susceptibility score
for all unevaluated genomes in parallel, checkpoints the
raw metrics to CSV, keeps an elite subset, breeds chil-
dren by choosing each coordinate from one of two elite
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FIG. 3. Representative self-consistent mean-field iteration histories in the compact microscopic problems. Left: the C3 molecule
with linear mixing α = 0.45 shows the field amplitudes saturating and the maximum update residual decaying over iterations
for uniform and winding seeds. Right: the constrained C4 molecule with α = 0.45 and friction 0.55 shows uniform, winding,
and staggered branches converging at different rates. These examples document that branch labels are followed by actual
fixed-point iteration rather than by a one-shot imposed texture; the branch free energy after convergence remains the selection
criterion.

parents with equal probability, mutates individual coor-
dinates within the allowed profile, and injects random
genomes to maintain exploration. Discrete mutations
move by a normally distributed number of grid steps
clipped to the allowed range; continuous mutations add a
Gaussian displacement measured in the median grid step
and are then clipped and requantized. The implemented
susceptibility-screening stage defaults to a focused pro-
file with a population of 96 points, 24 elites, 16 random
injections, mutation probability 0.55, mutation width of
two grid steps, eight generations, seed 20260514, and 24
worker processes. The active HFG-promotion stage uses
smaller batches by default: 72 genomes, 18 elites, 12 ran-
dom injections, six HFG promotions per generation, and
local refinements around confirmed HFG elites.

The fitness is mechanism-facing rather than varia-
tional. It rewards a large anomalous response on outer or
opposite-island repulsive loci that a winding phase can
suppress, an outer-over-inner response advantage, and
survival of anomalous density on the superconducting
islands. It penalizes staggered outer saving, staggered
inner saving, excessive raw response without selectivity,
singular susceptibility outliers, and inner-node mecha-
nisms that would naturally promote the staggered branch
instead of winding. Thus the search is designed to find
geometries where the winding node removes a real repul-
sive Gor’kov cost without simultaneously giving the same
saving to a nonwinding competitor.

The second stage promotes only selected candidates to
the expensive calculation. The active-search code sorts
the accumulated susceptibility rows by this score, skips
points whose complete branch/seed-family HFG coverage
has already been evaluated, and promotes the highest-

ranked distinct geometries. For each promoted geometry
and parameter set, the HFG equations are run from uni-
form, staggered, winding +, and winding − seeds with
common solver settings, and the branch free energies,
residuals, and regional Hartree/Fock/Gor’kov decompo-
sition are recorded. The active-search summary groups
branch rows by geometry and parameters, requires the
uniform and staggered families and at least one winding
family to be present, and keeps the branch-wise lowest
free energies across seed families for ranking and local re-
finement. This automated summary is still a candidate-
promotion layer. The manuscript point is accepted only
after a separate curated audit verifies the residual thresh-
old, compares the four branch families, and checks that
the two winding partners are degenerate within numer-
ical tolerance. Only this strict four-branch free-energy
comparison is used below as evidence for a ground-state
winding result; the genetic search supplies candidates and
diagnostics, not the selection evidence.

Implementation details of the search profiles, fitness
terms, and active-search promotion settings are collected
in Appendix A and tabulated in the verification bundle.

B. Ginzburg–Landau-scale interpretation

The microscopic free-energy decomposition has a sim-
ple coarse-grained reading. Writing island phases as φa

and treating the island amplitudes as slowly varying gives
a phase-only contribution of the form

Fstiff ∼
∑
〈ab〉

Jab [1− cos(φa − φb)] , (23)
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which is the stiffness cost paid by a winding texture. The
repulsive-channel part is instead controlled by induced
anomalous density on normal regions,

Frep ∼
∑
r∈N

Ur|κr({φa})|2, Ur > 0. (24)

Nonwinding branches can place antinodes of κr on the
costly region, whereas a winding branch can reduce this
term through destructive interference. The microscopic
HFG calculation keeps the spectral, Hartree, Fock, and
double-counting terms that this GL-scale expression sup-
presses. Thus the GL language is used only to identify
stiffness cost versus repulsive-channel saving; it is not a
broad phase-diagram derivation.

IV. MINIMAL C3 SELECTOR

The C3 molecule contains three attractive sites
A0, A1, A2 coupled to a central repulsive site C. The

proposal filter GA score is not proof

strict audit

initialize and seed
candidate population

screen cheap diagnostics
susceptibility/ADOS score

rank and evolve
elites + crossover + mutation

promote distinct
candidates

solve HFG branches
uniform, staggered, w+, w-

curated branch audit
residuals + free-energy ordering

next
generation

acceptance only after strict audit

1
FIG. 4. Two-stage workflow used to propose island/chan-
nel geometries. The GA stage screens genomes with cheap
susceptibility/ADOS diagnostics and promotes top distinct
candidates rather than proving a phase. Promoted points are
solved from uniform, staggered, and winding branch seeds;
final acceptance is the later residual-controlled four-branch
free-energy audit, not the GA score.

corresponding specialization of Eq. (1) is

HC3 =
∑
j,σ

εAnAjσ +
∑
σ

εCnCσ

− tC

(
TC + T †

C

)
− t`

(
T` + T †

`

)
+
∑
j

UAnAj↑nAj↓ + UCnC↑nC↓,

where

TC =
∑
j,σ

c†Ajσ
cCσ, T` =

∑
j,σ

c†Aj+1σ
cAjσ.

Here j is understood modulo 3, UA < 0, and UC > 0. The
tC terms generate the central anomalous-density test,
while t` is the outer loop hopping needed for a wind-
ing state to represent a current-carrying branch rather
than only a central cancellation texture. For the uniform
texture the island phase vector is (1, 1, 1). For the two
winding textures it is

(1, ω, ω2), (1, ω2, ω), (25)

with ω = e2πi/3. The central phase sum obeys

1 + ω + ω2 = 0. (26)

Thus the winding branches node the active central re-
pulsive site exactly, while the uniform branch drives a
central anomalous-density antinode.

The C3 result is best viewed as a mechanism, not
as the final physical device. Fixed-number exact-
diagonalization diagnostics remain conservative, and full
onsite-Hubbard HFB with Hartree and magnetic density
relaxation drives the compact molecule to superconduct-
ing solutions with strongly suppressed anomalous am-
plitude in the sampled windows. The state is not as-
sumed to be a true normal metal; rather, it is amplitude-
starved after density relaxation. The Hartree field shifts
the local levels in response to charge redistribution, so
the few attractive orbitals in a compact molecule can be
detuned away from the pairing-supporting regime while
the repulsive centre remains costly. In that sense the
relaxed Hartree field is not a small correction: in the
finite microscopic molecules it is the mechanism that re-
moves the condensate support needed to test the phase
selector as a superconducting state. The compact rescue
suggested by this diagnosis is not to freeze the density,
but to add an externally imposed Hartree-compensation
field or gate while still solving the HFG density equa-
tions; in notation, one replaces the normal onsite term by
ξi+ΣH,ext

i +Uiniσ̄ and asks whether a self-consistent su-
perconducting branch survives near the intended effective
level. This targeted test has been run for C3 molecules
and clusters and for split/screw C4 compact variants. It
confirms Hartree detuning as the failure mode but does
not restore a robust compact superconducting winding
state: strict roots either collapse to negligible anomalous
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amplitude, below 10−9 in the over-compensated molecule
tests, or remain accepted only with |∆A| ∼ 10−5–10−4

in the hybrid cluster/channel refinements. Clusterizing
each attractive site does not repair this by itself. C3 clus-
ter scans through six attractive sites per island remain
Hartree-detuned and amplitude-starved, with the largest
mean attractive-island gap only 1.7×10−5, and the com-
plementary C4 cluster scans again separate constrained
phase selection from unrestricted amplitude support.

A signed C3 crystal-bath control shows that the ob-
struction is not the interference rule itself. In this vari-
ant each active attractive site is coupled to an attractive
dispersive reservoir orbital, while the central site keeps
the same signed onsite update as the other local chan-
nels. The central-only benchmark removes the edge re-
pulsive channels and therefore asks whether the symmet-
ric positive-UC site alone can select winding. A linear-
susceptibility search is used only to propose a candidate;
the reported point is then rechecked by full self-consistent
HFG branch competition for the uniform and two wind-
ing seeds. At that tuned point the uniform seed develops
a central antinode, |∆C | ' 0.64, whereas both winding
seeds retain the central node, |∆C | . 5 × 10−11, and lie
below the uniform branch by Ωwind−Ωuniform ' −0.831.
This is a positive small-model existence smoke for the
central-node mechanism, but it is also deliberately lo-
cal: since the selection depends on cancellation of a
costly anomalous antinode, some parameter sensitivity
is expected. In a one-parameter-at-a-time ±8% recheck
around the stored point, 17/18 rows satisfy the strict
selected-winding gate; the remaining chemical-potential
row keeps a negative winding margin but misses the resid-
ual criterion.

Tube, crystal-bath, and proximity-film calculations
then test ways of adding support. Tube models pro-
mote each molecule site into a one-dimensional periodic
channel and average the onsite-Hubbard HFB fields over
kz; they can recover finite amplitude and node/antin-
ode contrast after tuning, but the sampled rows re-
main nonwinding-led, and the soft-channel continuation
crosses only after the winding anomalous amplitude col-
lapses to ∼ 10−6. Proximity-film models take the com-
plementary supplied-amplitude limit by adding fixed-
amplitude phase terms, a branch-labelled anomalous self-
energy, or explicit film sites whose pairing field is relaxed
while the compact molecule is tested as a proximity-
coupled selector. The strictest promoted balanced-screw
finite-film row keeps |∆film| ' 0.19, selects winding by
' 4.1 × 10−7, and satisfies a maximum residual below
5 × 10−7, whereas the simple periodic k-space anoma-
lous self-energy bath remains uniform-led over the sam-
pled grid. The later signed crystal-bath simulations
go beyond this simple self-energy bath by adding pair-
susceptible reservoir orbitals and local signed onsite up-
dates; those runs are positive microscopic reservoir pro-
totypes, while the proximity-film rows remain supplied-
amplitude bridges.

A. Three-island bridge

The three-island model is the bridge between the
molecular C3 rule and the later island device. Replac-
ing each attractive site by a small superconducting is-
land preserves the phase-sum cancellation at the central
normal region while adding internal orbitals that can sup-
port amplitude. It also makes explicit that a loop super-
current requires an outer path around the islands; the
central node alone selects a phase texture but does not
by itself provide a current-carrying circuit. At the phase-
only level the central normal region contributes schemat-
ically

FN ' λN

∣∣eiφ0 + eiφ1 + eiφ2
∣∣2 , λN > 0. (27)

The uniform state maximizes this term, while the two
C3 winding states cancel it. The isolated three-site and
C3-cluster data therefore serve as a controlled bridge:
they validate the interference rule, show the need for an
outer loop path, and expose the Hartree-driven ampli-
tude problem that motivates larger islands, proximity
support, or pair-susceptible crystal baths.

V. C4 GEOMETRY AND SPLIT-SCREW
REPAIR

For four islands, the relevant phase textures are

(1, 1, 1, 1), (1, i,−1,−i),

(1,−i,−1, i), (1,−1, 1,−1). (28)

The first is uniform, the next two are the time-reversed
winding partners, and the last is staggered. The compact
C4 Hamiltonian is usefully written by separating three
classes of real hoppings:

HC4 = HA − t0
∑
j,σ

(
c†Ajσ

cCσ + h.c.
)

− tnn
∑
j,σ

[
c†Aj+1σ

cBjσ + c†Bjσ
cAjσ + h.c.

]
− tsplit

∑
σ

(T02,σ + T13,σ + h.c.)

+
∑

r∈{C,Bj ,N02,N13}

Urnr↑nr↓,

where

HA =
∑
j,σ

εAnAjσ +
∑
j

UAnAj↑nAj↓, UA < 0,

T02,σ = c†A0σ
cN02σ + c†N02σ

cA2σ,

T13,σ = c†A1σ
cN13σ + c†N13σ

cA3σ,

and the normal-region interactions Ur are positive or
non-attractive. The central term proportional to t0 is
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the shared node test; the nearest-neighbour Bj paths are
the staggered-favouring competitor; and the split/screw
terms through N02 and N13 are the winding-favouring
repair. A single central site is not a unique winding se-
lector, because both winding and staggered textures have
zero central phase sum. Moreover, a square molecule usu-
ally contains nearest-neighbour in-between normal paths;
staggered order cancels those paths exactly. This is the
central C4 difficulty.

The successful C4 design rule is to introduce sepa-
rated diagonal or outer normal paths. In a compact
split-centre molecule, this means two distinct normal loci:
one coupled to the A0, A2 diagonal and one coupled to
the A1, A3 diagonal. The split/screw construction ef-
fectively doubles the central normal node into separated
loci. Schematic drawings should therefore treat the struc-
ture as screw-separated or effectively lifted out of the
plane, not as a single planar crossing site. In the island
language, the analogous design is a pair of outside nor-
mal paths. They penalize same-phase diagonal pairs and
give the winding branch a node or suppression pattern on
the relevant channel that the staggered branch does not
share. The required normal sites and channels reduce the
visual regularity of a planar square; the figure geometry
is schematic and should not be read as a perfectly regu-
lar planar C4 molecule. Constrained compact scans con-
firm that screw-separated channels, unlike shared outside
channels, select winding across broad sampled regions.
This remains a phase-selection rule, not yet unrestricted
microscopic superconducting ground-state evidence.

VI. MICROSCOPIC BOUNDARY

The isolated compact microscopic models are useful
because they remove easy loopholes. They show that
winding textures, winding nodes, and degenerate time-
reversed partners are not hard to construct. They also
show why compact cells are poor final devices. Full den-
sity relaxation, finite stiffness, and the uniform or stag-
gered competitors usually erase the winding advantage.

The strongest bulk screw-cell calculation remains a
near miss. After releasing the hard winding projection,
the best winding branch remains a clean winding tex-
ture, with winding weight close to unity, but lies about
5.0 × 10−7 above the uniform branch. A sign-frustrated
self-consistency ranking reaches a similar uniform-led
margin of about 6.76× 10−7. This is evidence for a real
metastable winding basin, not an artifact of branch la-
belling. It is still not a positive bulk ground-state result.

The common failure mode is stiffness and amplitude.
Compact models make the loop short and rigid, while a
few attractive orbitals do not reliably sustain a robust
condensate after Hartree relaxation. This motivates the
amplitude-reservoir formulations: signed crystal baths
in the small microscopic setting and Josephson islands
in the finite-device setting. The tube calculations show
that adding a band can restore amplitude without yet

producing a winding ground state in the sampled mi-
croscopic rows. The latest soft-channel tube continua-
tion reinforces this distinction: reducing stiffness can in-
vert the branch energy only after the winding anomalous
amplitude is lost. The proximity-film calculations show
one supplied-amplitude limit directly: a soft finite film
can supply the condensate background that the relaxed
Hartree field removes in isolated molecules, while a rigid
or overly simple periodic self-energy bath and the base-
line C4 geometry can still favour nonwinding cancella-
tion. The later signed crystal-bath and Josephson-island
models provide the stronger lesson: amplitude support
must be self-consistent enough to survive Hartree feed-
back while still preserving the node/antinode selector.
The calculation then asks whether the normal-channel
geometry selects the phase texture.

VII. JOSEPHSON-ISLAND MODEL

The finite island model uses four superconducting is-
lands connected to normal channels. Let Sa denote the
set of sites in island a, Nin the inner normal channels, and
Nout the long outer normal channels. The island-device
Hamiltonian is

Hisl =
∑
i,σ

(εi − µi)niσ −
∑

(ij)∈Eisl,σ

tij

(
c†iσcjσ + h.c.

)
−

∑
(ij)∈Ein,σ

tij

(
c†iσcjσ + h.c.

)
−

∑
(ij)∈Eout,σ

tij

(
c†iσcjσ + h.c.

)
+
∑
i∈S

(−U)ni↑ni↓

+
∑
i∈Nin

V ni↑ni↓ +
∑

i∈Nout

Wni↑ni↓.

Here S = ∪aSa. The edge sets Eisl, Ein, and Eout en-
code, respectively, hopping inside/proximal to the super-
conducting islands, inner contacts and channels, and the
long outer channels used to lower winding stiffness. All
tij are real; the four branch sectors are selected by initial
self-consistency seeds rather than by Peierls phases. We
compare four phase sectors: uniform, staggered, winding
+, and winding −. All sectors are iterated to the same
self-consistency standard, and the branch free energies
are compared after convergence. The design target is a
long or soft normal channel that supports a nonwinding
antinode and a winding node. The long or soft channel
reduces winding stiffness while keeping enough normal-
channel anomalous density in the nonwinding branches
to create an energy saving. The island result is accepted
only if the uniform, staggered, winding +, and winding −
branches all satisfy the same residual threshold, the two
winding partners are degenerate within numerical toler-
ance, and the common winding free energy lies below the
best nonwinding branch.
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FIG. 5. Compact C4 microscopic anomalous-density examples. Rows show the self-consistent pairing field ∆ and anomalous
density (ADOS) for uniform, staggered, winding +, and winding − branches in a constrained four-site loop representative.
Hue is phase and brightness is log-compressed magnitude. Panel annotations use ∆F = Fbranch − Fmin, R for the final
maximum self-consistency residual, |∆| for the mean pairing-field magnitude on the plotted superconducting sites, and ADOS
for the corresponding mean anomalous-density magnitude. The microscopic labels U, V,W,C denote the onsite attractive,
inner-normal, outer-normal, and central-normal interactions used in that diagnostic run, and the µ’s are the corresponding
region chemical potentials. The outside normal channels contain one repulsive spacer each: W13 connects the 1–3 pair and
W24 connects the 2–4 pair through periodic continuation. Dashed outside legs mark the continuation and are not additional
normal sites. The example illustrates the microscopic texture logic used in the design search: winding branches can retain
clean time-reversed phase structure and visible node/antinode rearrangement, even when the compact calculation remains a
constrained or near-degenerate diagnostic rather than the final positive island ground-state result.

For the promoted long-soft outer-channel geometry
longer-outer2-soft-lower-mu, the strict parameter
point is

U = 2.0, V/U = 0.2, W/V = 1.0, (29)

with

µisland = 0, µinner = −1.0, µouter = −1.6, (30)

and geometry parameters

L = 9, h = 5, hinner = 3,

separation = 6, outer_length_extra = 2.
(31)

The channel hoppings are

touter channel = 0.5, tinner contact = 0.5,

touter contact = 1.0.
(32)

Here Fwind denotes the common free energy of the two
time-reversed winding branches within numerical toler-
ance, and Fnonwind = min(Funiform, Fstaggered). At this

point the strict branch comparison gives

Fwind − Fnonwind ' −2.386× 10−3, (33)

with maximum residual 4.996 × 10−5 against a thresh-
old of 5× 10−5. A second strict point at µouter = −1.55
remains winding-led by approximately −3.019 × 10−3.
Nearby W/V side points are winding-led at moderate
convergence but not yet strict, and µouter = −1.65 re-
turns to uniform. The residual is close to the stated
acceptance threshold, so the convergence criterion and
neighbouring-point status are quoted explicitly rather
than treated as a robustness map. Thus the current re-
sult is a finite-device HFG existence result and a narrow
tuned family, not yet a broad phase pocket.

VIII. CURRENT AND MAGNETIC-SCALE
DIAGNOSTICS

Once a static branch has been selected by free en-
ergy, its loop-current character can be diagnosed from
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FIG. 6. Three-dimensional setup rendering of the promoted
long-soft Josephson-island geometry. The blue pads mark the
four extended superconducting islands, the red channels mark
repulsive inner and outer normal channels, and the purple
bars mark the diagonal winding channels. The two inner nor-
mal channels are drawn as a screw-inspired over/underpass:
one channel is lifted across the other rather than forming a
single planar crossing node. This is a schematic device re-
alization of the split/screw selector idea, in which separated
normal loci distinguish winding from the staggered competi-
tor. The inner over/underpass is a geometric visualization of
the selector logic rather than an additional proof ingredient;
if retained as additional repulsive selector channels, such cen-
tral channels would further lower the node-forming winding
and staggered branches relative to the uniform branch. The
render emphasizes the modeling distinction between compact
molecular sites and a device with extended superconducting
reservoirs plus normal selector channels. It is a geometric vi-
sualization only; the ground-state evidence remains the static
four-branch HFG free-energy comparison, and the anomalous-
density texture is shown separately in Fig. 8.

FIG. 7. Three-dimensional anomalous-density rendering for
the promoted island geometry. The four coloured sheets show
branch-resolved ADOS magnitude and phase on the extended
islands and channels. This view is included to make the real-
space winding texture legible in the device geometry; it is
a diagnostic visualization, while the branch ordering is still
determined by the static four-branch HFG free-energy com-
parison and the quantitative ADOS montage in Fig. 8.

the hopping-current operator. For a real hopping tij the
bond current from i to j is

Iij =
2e

~
Im

[
tij
∑
σ

〈c†iσcjσ〉

]
, (34)

with Iji = −Iij . A scalar circulation diagnostic can be
formed by summing the tangential component around a
chosen loop contour C,

Iloop =
1

|C|
∑

(ij)∈C

sijIij , (35)

where sij fixes the positive orientation. The time-
reversed winding partners have opposite Iloop by con-
struction and are degenerate in the absence of imposed
flux.

For an order-of-magnitude magnetic diagnostic, the or-
bital moment associated with a planar loop current is

mz ' IloopAeff , (36)

where Aeff is the effective enclosed area of the current
path. Equivalently, a bond-resolved estimate uses

m =
1

2

∑
(ij)

rij × Iij`ij , (37)

with rij the bond midpoint and `ij the directed bond vec-
tor. For the promoted island point we evaluate Eq. (34)
from the converged BdG one-body density matrix and
then form the finite-cell version of this bond-resolved mo-
ment from the local current segments. These expressions
define the conversion from dimensionless lattice currents
to an order-of-magnitude magnetic moment once a lat-
tice spacing, hopping scale, and effective loop area are
specified. They are not ground-state evidence; the static
branch free-energy comparison remains the evidence for
selection.

The same diagnostic can be converted to material
scales by inserting a microscopic length and electronic
energy. For a scale estimate relevant to the LaNiX2 com-
pounds cited in the TRSB background, take aeff = V

1/3
cell

from the spin-orbit QE cell volumes recorded in the ver-
ification bundle and set I0 = eE0/~. Using E0 = 10meV
gives the estimates in Table II. The signs are opposite for
the two time-reversed winding partners; the table reports
absolute values. These numbers are conversions of the
island-current diagnostic, not predictions that LaNiC2

or LaNiGa2 realize the island-device ground state.

IX. DYNAMICAL CONTROL OUTLOOK

Time-dependent SCMFT/HFG provides a natural di-
agnostic and control proposal for the selected winding
pair. Starting from one converged winding minimum,



12

FIG. 8. Complex anomalous-density textures for the promoted island geometry. The four panels show the final self-consistent
ADOS for uniform, staggered, winding +, and winding − branches. Hue records complex phase and value records magnitude.
The header gives the island-device parameters, and the panel annotations use ∆F = Fbranch − Fmin and R for the final
maximum field residual. The “averaged” label indicates that the displayed scalar summaries are mean magnitudes over the
plotted island/channel sites. The winding branches are time-reversed partners of the same strict minimum.

FIG. 9. Free-energy decomposition for the promoted long-soft
island point. The branch comparison is the selection evidence:
the winding branch is below the best nonwinding branch af-
ter the same strict self-consistency criterion is applied to all
branches.

TABLE II. Material-scale conversion of the promoted-island
current diagnostic using aeff = V

1/3
cell from local LaNiX2 QE

cells and E0 = 10meV. The moment and angular momentum
scale linearly with E0.

material aeff (nm) |mz|/µB |Lz|/~
LaNiC2 0.482 6.05× 10−2 6.05× 10−2

LaNiGa2 0.683 1.21× 10−1 1.21× 10−1

a short local phase, chemical-potential, or weak vector-
potential pulse could couple the two time-reversed sec-
tors and monitor whether the loop-current diagnostic
in Eq. (34) reverses sign. Such a protocol would test
whether the device behaves as a controllable winding
qubit in the low-energy subspace spanned by the two
TRSB partners. This is a dynamical response proposal,
not a substitute for the static ground-state claim. The
latter is the strict HFG free-energy ordering in Eq. (33).

X. DISCUSSION

The result should be stated at the correct level. We
have not established a broad robust phase diagram.
Within the finite-device HFG calculation, we have es-
tablished that a time-reversal-symmetric island Hamilto-
nian can select a pair of degenerate time-reversed winding
minima without external flux. The microscopic studies
explain why isolated compact attractive-orbital models
fail: they either lose amplitude through Hartree detuning
or pay too much winding stiffness. The newer bath sim-
ulations show one way around that failure in small mod-
els: pair-susceptible reservoir orbitals compensate the
Hartree amplitude loss while retaining the split-centre
or central-node selector. The island model is the cor-
responding finite-device realization, where larger super-
conducting reservoirs supply amplitude and soft channels
reduce stiffness.

This distinction also clarifies the role of dynamics.
Time-dependent HFG and current animations are useful
presentation diagnostics because they visualize the se-
lected current-carrying branch. They do not determine
the ground state. The ground-state claim rests on the
static strict four-branch HFG free-energy comparison.

The same distinction suggests a sharper route for fu-
ture microscopic searches. A superconducting amplitude-
support mechanism is not, by itself, a mechanism for
spontaneous TRSB. The missing ingredient may instead
be a selector for the time-reversal-odd loop-current vari-
able

χ� =
∑

〈ij〉∈�

Im
[
tij〈c†i cj〉

]
, (38)

or for the corresponding coarse-grained orbital moment.
A time-reversal-symmetric microscopic Hamiltonian can
only select spontaneous circulation through an even func-
tional of this variable, such as an effective −Kχχ

2
�, leav-
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ing the two signs of χ� degenerate. A linear field con-
jugate to χ� is useful for susceptibility tests, but it is
not a spontaneous-TRSB mechanism. This motivates
several controlled next tests: unrestricted complex-bond
Fock feedback, nearest-neighbour interactions decoupled
in current-current or bond-current channels, nearly de-
generate real bond-order modes whose complex combi-
nation is chiral, plaquette-flux susceptibility pre-screens
with the field removed after diagnosis, and paired clock-
wise/counter-clockwise seed tests that require degenerate
final free energies. These tests would decide whether the
island result can be traced back to a local or short-range
microscopic selector rather than to a phenomenological
loop-current stiffness term. As a first reduced bench-
mark in this direction, a projected current-channel Fock
feedback on the compact C4 outside-junction molecule
can produce a narrow intermediate-coupling window in
which the time-reversed winding pair is selected with fi-
nite island amplitude. The stricter fully complex density-
density Fock benchmark, which keeps both real bond
renormalisation and imaginary current order in the same
loop, is much more fragile: only a small weak-coupling
winding-selected point survives before the amplitude col-
lapses or a nonwinding branch returns. This comparison
must also be interpreted with gauge care: a phase in an
individual Fock bond field can be redistributed into the
anomalous phase texture by a local rephasing, so the di-
agnostic quantity is the closed-loop combination

Φrel =
∑

〈ij〉∈�

arg[−heff
ij ]+

1

2

∑
〈ij〉∈�

arg(∆j∆
∗
i ) (mod 2π),

(39)
rather than the phase of one bond field alone. A com-
panion gauge-loop re-ranking benchmark, Ωeff = Ω0 −
KΦ(1 − cosΦrel)

2, selects the same time-reversed wind-
ing pair at the representative outside-junction C4 point
once KΦ ' 0.026; this identifies the loop-phase stiffness
that a microscopic mechanism would need to generate.
The corresponding self-consistent current-current feed-
back check, with a loop field updated as Φ = 2Kχχ�,
does produce paired equal-and-opposite flux fixed points
but does not select the compact C4 winding branch over
the nonwinding competitor in the tested range. Re-
peating the same feedback on the split-centre C4 graph
can make the winding pair lowest in the reduced branch
ranking, but the selected winding solution is amplitude-
starved and therefore fails the finite-amplitude crite-
rion used for a superconducting loop-current state. An
amplitude-support scan then shows the complementary
lesson: when the effective island attraction is increased
in the same split-centre reduced model, converged finite-
amplitude winding cells appear at low to moderate loop-
feedback strength. This does not add an explicit one-
handed TRSB field, but it is still a reduced diagnos-
tic rather than an unrestricted material calculation. A
more microscopic-adjacent version replaces this stronger-
island-attraction knob by one attractive auxiliary bath
orbital hybridized to each island. In that split-centre

bath benchmark, the bath sector develops a large branch-
symmetric gap, and sufficiently strong island-bath hy-
bridization transfers enough amplitude back to the is-
lands to obtain converged finite-amplitude winding rows
while preserving the degeneracy of the two time-reversed
partners. Releasing the branch projection at the repre-
sentative bath-supported point gives the next check: the
island and bath gaps are updated as unrestricted com-
plex onsite fields, and the final winding is classified only
after convergence. In that seed-release scan, the named
winding seeds converge to the lowest finite-amplitude so-
lutions, while uniform and staggered seeds converge to
higher reduced mean-field energies. Random and asym-
metric seeds are retained as small basin probes, not as an
exhaustive basin-of-attraction map. Replacing each aux-
iliary bath level by a two-site attractive bath chain gives
a first finite-spectrum version of the same mechanism.
The named winding seeds remain lowest over the sam-
pled tD, tDD grid, and the strict converged finite-winding
criterion is satisfied once the island-bath hybridization
is moderate or strong; the weakest hybridization col-
umn is finite-amplitude and winding-led but remains
marginal under the quick convergence gate. A four-level
bath-ring variant gives a stronger finite-reservoir check:
over the sampled moderate/strong hybridization grid, all
cells remain converged, finite-amplitude, and winding-
led. Adding reference-subtracted onsite Hartree feedback
gives a mixed but useful result: screened Hartree scales
preserve the finite-amplitude winding solution, whereas
the unscreened onsite Hartree update leaves winding
energy-ranked but collapses the condensate amplitude
below threshold. Adding a projected current-channel
Fock field on top of the screened bath-band calculation
gives the next compatibility check. At the representative
sH = 0.2 point, the self-consistent update of the island-
bond field Qij = 〈c†i cj〉, projected as Qij 7→ i ImQij ,
preserves the finite-amplitude winding minimum through
the converged window sF ≤ 2. The largest sampled
point remains winding-ranked but misses the strict resid-
ual gate, so this is not a broad phase diagram. It is
nevertheless a useful microscopic-adjacent benchmark:
amplitude support, screened density feedback, and a
loop-current selector can coexist in one HFG loop, but
the result still relies on projecting out the real bond-
renormalisation channel that competes in the fully com-
plex Fock test. A stricter follow-up keeps the fully com-
plex bond field in the same screened finite bath-band
model. Unlike the compact outside-junction molecule,
this bath-supported split-centre geometry remains con-
verged, finite-amplitude, and winding-led at the sampled
sF = 0, 1, 2 points even when both ReQij and ImQij

are retained. The fully complex update gives a larger
normal bond-field scale and a slightly weaker winding
margin than the projected-current update, so real bond
renormalisation is still visible, but it does not destroy
the representative bath-supported winding solution. The
mechanism target is therefore sharper: one needs an
amplitude-supporting bath, band, or interaction chan-
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nel together with the split-centre phase selector, rather
than a scalar loop-current feedback acting on a fragile
compact molecule alone. In a crystal, such a bath should
be understood as additional reservoir orbitals, tubes, or
layers that generate normal and anomalous self-energies
on the active loop sector after hybridisation, not merely
as a larger copy of the compact loop. If active orbitals a
hybridise with reservoir bands b through T (k), integrat-
ing out the reservoir gives schematically

Σa(k, iωn) = T (k)[iωn − hb(k)]
−1T †(k),

∆ind
a (k, iωn) ∼ T (k)Fb(k, iωn)T

T (−k),
(40)

where Fb is a reservoir anomalous Green function or pair
susceptibility. The previous tube and Bloch-lattice tests
show that adding dispersion alone is insufficient; the next
microscopic target is an orbital- or layer-selective reser-
voir that supplies amplitude and screened Hartree en-
vironment while leaving the split-centre loop selector in
the active subspace. A first code-level prototype of this
type, with one dispersive reservoir orbital per island, se-
lects the finite-amplitude winding pair in a screened fully
complex HFG run; the result survives Nkz

= 2, 3, 4, 6
and a small hybridization/bandwidth map. Initial con-
trols show a detuning boundary and, more importantly,
a normal-only bath with UD = 0 fails to produce a fi-
nite active winding state, whereas attractive bath inter-
actions restore bath amplitude, active amplitude, and
negative winding margin. With the pair-susceptible bath
fixed, turning on explicit split-centre and edge repulsive
pairing-penalty sites leaves the solution finite-amplitude
and makes the winding margin more negative relative to
the zero-penalty control, so the penalty sites act as an ad-
ditional selector contribution rather than a replacement
for the amplitude reservoir. An explicit outside-channel
control then separates the geometry further: opposite-
pair normal penalty sites connecting 1–3 and 2–4 also
drive the best seed into the winding sector, while adding
nearest-neighbour edge penalties weakens the margin in
the sampled point. A stricter signed-onsite HFG vari-
ant, in which the same local update ∆i = −UiFi is ap-
plied also on the positive-U normal sites, weakens the
margins but preserves the accepted finite-winding split-
centre and split-plus-opposite rows. This is a sanity check
for the crystal-bath mechanism, not yet a thermody-
namic or materials-realistic phase diagram. Repeating
the signed-onsite reservoir construction in the C3 geom-
etry gives an independent small-model smoke test of the
same mechanism: a threefold active triangle with one
pair-susceptible dispersive reservoir orbital per active site
selects the degenerate winding pair over the uniform seed
with finite active and bath amplitudes. This C3 result is
deliberately recorded as a representative existence check;
broader kz-mesh, detuning, and interaction scans are still
needed before treating it as a C3 phase diagram.

XI. CONCLUSION

The calculations give a deliberately narrow but ex-
plicit route to spontaneous loop supercurrents. A time-
reversal-symmetric Hamiltonian can select two degener-
ate time-reversed winding branches when the device ge-
ometry makes those branches suppress anomalous den-
sity on repulsive normal regions that are active in non-
winding states. The resulting Gor’kov saving is a real-
space interference effect, not an imposed Peierls phase or
a chiral pairing assumption.

The negative microscopic results are part of the mech-
anism. Compact C3 molecules give the clean node
rule, while C4 molecules expose the staggered competi-
tor. Clusters, Hartree-biased compact scans, lattices,
and tubes then show why the node rule alone is not
enough: isolated compact attractive orbitals are Hartree-
detuned or amplitude-starved, and periodic normal back-
grounds or tube bands do not by themselves promote
a finite-amplitude winding branch to the lowest unre-
stricted branch in the sampled rows. The follow-up sim-
ulations sharpen this boundary: a softer tube can in-
vert the branch ordering only after the winding ampli-
tude collapses, Hartree-referenced hybrid clusters remain
amplitude-starved at accepted residuals, whereas tuned
reservoir-band controls can keep finite amplitude and a
winding advantage. Thus the current positive micro-
scopic message is no longer only “go to islands”: pair-
susceptible baths can also compensate the Hartree loss in
controlled C3/C4 HFG prototypes, although broad pa-
rameter maps and material-derived realizations remain
open.

The promoted long-soft Josephson-island device sup-
plies the missing ingredient by separating superconduct-
ing amplitude support from the soft repulsive channels
that perform the phase selection. Its strict four-branch
HFG free-energy comparison is the ground-state evidence
in this finite model. Current, magnetic-scale, three-
dimensional, and dynamical diagnostics identify the se-
lected branch as a loop-supercurrent state, but they do
not replace the static free-energy ordering. The result is
therefore a controlled finite-device existence result and a
narrow tuned family, not yet a broad phase diagram.

Appendix A: Genetic-search implementation details

The implemented susceptibility-screening score has the
schematic form

SGA = Bwind − dwu − 1

2
dws +Rout +Rsurv +RC

− Pstag − Pin − Praw − Psing. (A1)

Here dwu and dws are the susceptibility-ranking gaps be-
tween the best winding node and the best uniform or
staggered competitor, and Bwind is nonzero only when
the best inverse-susceptibility label is winding-like. The
reward block contains outer-node saving, winding-unique
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outer saving, useful outer and central antinode terms,
island-survival terms, frustration advantage, outer-over-
inner selectivity, and a near-degeneracy bonus. The
penalty block subtracts staggered outer saving, staggered
outer competition, inner saving, staggered inner saving,
raw unselective outer and inner responses, poor outer-
over-inner selectivity, inner antinodes, and singular out-
liers.

The focused susceptibility profile samples

µi ∈ [−3.6,−2.0], µc ∈ [−2.0, 1.6], W/V ∈ [0.6, 4.0],

with nominal spacings 0.1, 0.1, 0.2, respectively; it also
samples V = 0.08, 0.12, . . . , 0.36, U ∈ {2.0, 2.5}, sepa-
rations 3, . . . , 11, outer-strip widths 3, 5, 7, inner-radius
extras 1, 2, 3, and inner-corner radii 2, 3, 4. The wide
profile extends these to µi ∈ [−3.8,−1.8], µc ∈
[−2.4, 1.8], W/V ∈ [0.4, 5.0], V = 0.04, . . . , 0.44,
U ∈ {1.8, 2.0, 2.25, 2.5}, separations 3, . . . , 15, outer-strip
widths 3, 5, 7, 9, inner-radius extras 0, . . . , 4, and corner
radii 0, 2, 3, 4, 5. Chemical potentials, V , and W/V are
treated as continuous controls during crossover and mu-
tation; the remaining geometry controls are discrete.

Each row records the genome, generation num-
ber, scalar score, best inverse-susceptibility label,
winding-versus-uniform and winding-versus-staggered
node-ranking gaps, and the node/antinode metrics used
by the score. Before evaluating a proposed genome, the
code builds a quantized duplicate key from lattice size,
separation, interactions, chemical potentials, strip geom-
etry, inner-sheet geometry, and C4 boundary flags. One
generation evaluates uncomputed genomes, ranks the ac-
cumulated rows, keeps elites, creates crossover/mutation
children, and fills the remaining population slots by ran-
dom injection. The focused susceptibility stage uses a
population of 96, 24 elites, 16 random injections, muta-

tion probability 0.55, mutation width of two grid steps,
eight generations, seed 20260514, and 24 worker pro-
cesses.

The active HFG-promotion stage maps a susceptibil-
ity genome into the nonlinear outer-sheet-strip HFG case
with matched outer gaps and C4-symmetric, plaquette-
centred bounds. Its default search uses 72 genomes, 18
elites, 12 random injections, six HFG promotions per
generation, mutation probability 0.55, a two-step global
mutation width, and 18 local refinements around con-
firmed HFG elites with local mutation width 0.35. The
promoted HFG runs use tolerance 2 × 10−4, damping
γ = 0.08, and 24 self-consistency iterations in the active-
search stage; later curated mechanism checks tighten
these settings for manuscript points. Confirmed active-
search rows are ranked by a separate diagnostic score
that rewards winding winners, outer-channel Gor’kov
saving, winding-unique outer-locus suppression, and is-
land ADOS survival, while penalizing inner-channel sav-
ing, staggered outer-locus saving, and bare stiffness cost.
The final paper point was not accepted on either proxy
score. It was accepted only after the curated four-branch
HFG comparison gave the winding pair the lowest free
energy at the stated residual threshold.
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